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ABSTRACT

We present a theoretical analysis of the effect of line averaging by a sonic anemometer on scalar fluxes
and an observational study of this phenomenon in the atmospheric surface layer. The theoretical analysis
rests on an axisymmetric model for the cross-spectral tensor of vertical velocity and scalar fluctuations,
limiting the validity of the derived transfer function to a constant-flux layer. Observations of temperature
flux in the unstable surface layer confirm the theoretical prediction that line averaging does not significantly
affect the flux estimate down to heights only several times the sonic path length. However, the observations
exhibit large scatter at small heights, indicating that problems with the representativity of the measurement
and not with line averaging may become a limiting factor. Based on the analysis of the Kansas data and the
characteristics of the transfer function, we infer that temperature flux measurements will, in general, be
affected by some line averaging under stable conditions at all heights in the surface layer. In these cases, the
theoretical transfer function may be used to correct the measured heat fluxes.

1. Introduction

The line-averaging effect of measuring vertical ve-
locity fluctuations with a sonic anemometer influences
scalar flux measurements in the surface layer. For
certain chemically active substances, Fitzjarrald and
Lenschow (1983) showed that the scalar flux mea-
surements should be made as close to the surface as
possible. These measurements can be made effectively
using the sturdy and reliable sonic anemometer in
conjunction with new fast-response chemical sensors
(e.g., Pearson and Stedman, 1980), but possible short-
wavelength attenuation of the fluctuating vertical
velocity signal due to averaging of the measurement
path length led researchers in the past to caution
against using the sonic anemometer below approxi-
mately 20 times the path length (Kaimal, 1975).

The procedure used historically to determine line-
averaging effects is to start with a wavenumber filter
function for the averaging, assume a form for the
three-dimensional energy spectrum of a given variable
and integrate the product over two directions to
produce a one dimensional spectrum hypothesized to
correspond to fixed-point measurements. Kaimal et
al. (1968) improved on Gurvich’s (1962) analysis of
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line-averaging effects on estimates of power spectra
of velocity fluctuations. Silverman (1968) presented
a similar analysis for scalar spectra and Andreas
(1981) developed this further to discuss the effect of
spatial averaging by the Lyman-alpha hygrometer.
Kaimal (1968) presented observations confirming the
existence of high-frequency attenuation due to line
averaging in long (0.8 m) platinum resistance wire
thermometers 9 m above the ground. He showed that
the Gurvich analysis predicted observed power spectral
losses adequately for temperature fluctuations and
presented wT cospectra for four cases that indicated
little effect.

All previous analyses assumed an isotropic form
for the three-dimensional turbulent spectrum of a
quantity, but this is clearly not acceptable for the
scalar flux cospectrum, which must have a preferred
direction. In Sections 2 and 3 we present an analysis
of line-averaging effects, assuming that the scalar flux
is part of axisymmetric turbulence, the simplest model
that contains a preferred direction. In Section 4 we
describe a field experiment conducted to study prop-
erties of heat flux measurements made near the
ground under unstable conditions, and compare the-
ory with observation. Section 5 contains our conclu-
sions.

2. Basic concepts

We want to measure the turbulent vertical flux of
a scalar S using a sonic anemometer that averages
over a vertically oriented line of length / and a scalar
sensor that measures scalar concentration in a point
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close to the middle x of the sonic acoustic path. We
assume that the vertical velocity component w has
zero ensemble mean; the line-averaged vemcal veloc-

ity,
1 x3+1/2 :
. W, W

will consequently also have zero ensemble mean. We
have used the notation

w(x) =

X = xli, + x;iz + .X3i3,

)]

where iy, i, and i; are unit vectors defining a Cartesian
coordinate system. The vector i, is in the direction
of the mean wind vector, assumed horizontal. The
vectors i, and i; are pointing horizontally and vertically
respectively.

The goal is to determine the mean of w(x)S(x),
but the instruments provide us with the mean of
w(x)S(x). In order to determine how good an approx-
imation (W(x)S(x)) is to {w(x)S(x)), we must take a
closer look at the covariance functions

R3s(y — x) = (w(x)S(y)), (3)

Ris(y — x) = (#(x)S(¥)), @

i.e., the covariances of the quantities w and w at
some point x and the scalar S at the point y. Angle
brackets denote ensemble averaging, and in (3) and
(4) we assume homogeneity in all directions, so that
the covariances are functions of the displacement
vector r = y — x only. This implies that fluxes cannot
depend on position, and flux variation with height is
consequently inconsistent with the model we develop
here.

Using (1) we get the following relation between
R;s(r) and Rjs(r):

r3t+if2

Rss(r) = 7 Rss(r)drs, )
r~lf2
or, introducing the three-dimensional spectra,
1 e
#3509 = = [ [ [ Ruswerrar, @
- 1 ~ e
b5 = s [ [ [ Ruwerrar, )

where k is the wavenumber vector in radians per
unit length, the analogous relation in wave-number
space ’
sin(kl/2
(k3l/2) ®)
(k3l/2)

If ¢55(k) were known, then ¢s5(k) could be found
from (8). Integration over the entire k-space would
then yield the scalar flux, corrected for the line
averaging. Unfortunately, with measurements from
only one point, it is not possible_to determine the
three-dimensional cross-spectrum ¢;s. All we can do

d1s(k) = B35(k).
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is to apply Taylor’s hypothesis to measured time
series of w and S and, by making a Fourier transfor-
mation, obtain the one-dimensional cross spectrum
Fls(ky), which is related to ¢35 and ¢35 by .

Fiste) = [ die [ dlogastio

" © sin(k3l/2)
= f_w dk; f_w dks “al2) 2) ¢3s(Kk).

The applicability of Taylor’s hypothesis for a particular
wavenumber k, depends on the mean wind speed U
and the wind shear dU/dx;. Following a discussion
by Powell and Elderkin (1974), we expect it to hold
well for k, greater than a few times dU/dx;. Using
Panofsky and Dutton (1984), it is possible to estimate
this limit in a particular situation. However, the
condition k;(dU/dx;) = U is actually fulfilled in most
cases of interest to us.
The “true” one-dimensional cross spectrum is

®

Fis(ky) = f dk f dk3d3s(K). (10)
- -

If we knew the behavior of ¢ss, it would be possible

to find a “transfer function” from (9) and (10):

T(k) = Fls(k)/Fs(k), (11)

which could be used to correct the experimentally
determined Fis(k;). The scalar flux would then be
given by .

© Fis(k)
wS) = —_—
WS = .. T

This approach is analogous to that of Kaimal ez al.
(1968). They found “transfer functions™ for velocity-
component spectra, assuming an isotropic velocity
spectral tensor ¢;(k), viz:

ER) [, ki)
e (=5

expressed in standard tensor notation thh oy = 1if
i = j and 0 otherwise.

dk. (12)

oK) = (13)

3. Model for the cross-spectral tensor

Let us first assume that the three-dimensional
velocity-scalar spectral tensor or vector ¢;s(k) is iso-
tropic. The most general form of ¢;s(k) is then

dis(k) = B(k)% (14)

The velocity field is assumed solenoidal, i.e., du;/
dx; = 0, and consequently ¢;s(k) must fulfill the re-
lation

kidis(k) = 0 (15)
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where summation over repeated indices is implied
here and in the following. This means that

Bk) =0 (16)

for all values of k. In other words, the assumption
that ¢;s(k) is an isotropic vector implies that it must
be identically zero. There can be no scalar flux if the
velocity-scalar spectral tensor is isotropic. This does
not preclude the possibility of an isotropic velocity
spectral tensor for scalar transport. An isotropic ve-
locity field may exist in which there is a scalar field
with a preferred direction in space.

A simple and plausible assumption about the ve-
locity-scalar field, which is consistent with a vertical
scalar flux, is that of axisymmetry with respect to a
vertical axis. This means that

ok k;
®;5(k) = A(k, k3)d3; + B(k, k3) % + Mk, k; )631,';1 ,
(17)

where ¢;; is a pseudotensor, equal to zero if two
indices are equal and to *1 for i, j, k forming an
even/odd permutation. of 1, 2, 3. Applying (15) to
(17), we get

0= A(ks k3)k3 + B(ka k3)k’ (18)

which means that B(k, k3) can be eliminated. The
field (17) can consequently be written

kak;

= (19)

) + M(k k3)£3u kj

dis(k) = A(k, k; )(53:‘ P

Indicating complex conjugation by an asterisk, we
deduce from the definition (6):

¢is(k) = ¢is(—k), (20€)
or
A*k, kg)(aai k;’j) + M*(k, k3)e3,,];(
ksk; k;
= A(k, —k; )(53:' - %) - M(k, ._k3)€3ijzj . @2y
This, in turn, gives the relations
A*(k9 k3) = A(ka —k3)1 (22)
M*(k, k3) = —M(k, —ks3). (23)
The one-dimensional cross spectra Fls(k,) are
Fls(ky) = J: dk; J: dk3pis(k), (24)
where the three integrands are
k k
dis(k) = —A(k, k3) 77 + Mk, ks) 2, (29

AND OCEANIC TECHNOLOGY VOLUME 1

kzks

—A(k, k3) 7= (26)

k
pas(k) = — M(k, ks) —kl ,

k3?
“%)

By reformulating (24) in plane polar integration
variables K and 6,

{kz} _ {K sino}

ks K cos8) ’
we obtain the following expressions for the three one-
dimensional flux spectra: :

das(k) = A(k, k3)(1 27

(28)

o 27
Flsk) = —fo KdK fo A((K* + K*)'2, K cost)

kK

Xk2+K

5 cosfdd, (29)

oo 27
Fis(k) = - fo KdK fo M((k? + K»'2, K cosb)

k

*w Tk

(30)

@ 2
Fig(k) = f KdK f A((k* + K?)'72, K cosf)
0 0
k? + K? sin%
k* + K?
We note that (29), (30) and (31) imply that:

X do.

(31

e Horizontal fluxes of scalars are -zero because
Flg(k) and Fig(k) are odd functions of k.

e By virtue of (22) and (23), Fis(k) and F 2s(k) are
imaginary (cospectra zero) and Fig(k) is real
(quadrature spectrum zero).

o If there is reflection symmetry, Fls(k) and
Flg(k) are identically zero. In this case, A(k, k3)
is real and M(k, k3) is imaginary.

These implications are, in general, not consistent
with experiments for wavenumbers significantly
smaller than those pertaining to local isotropy for the
velocity field.

. In the following we use the notation Co(k)
= Fls(k) and Co(k) = Fls(k), and we can write, in
analogy with (31),

<<} 27
Co(k) = fo KdK fo A((k* + K?)'72, K cosf)

(5 <o)
sin{ — cosf
k2 + K? sin%0 2

2 2
k + K (%l co! s8)

ab.

(32)
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If we knew the function A(k, k3) it would be
possible to determine Co(k), Co(k) and T(k).

One possibility is to solve (31) with respect to A(k,
k3), assuming that Co(k) is known from experiments
and/or models. However, since A(k, k3) has two
arguments, (31) has no unique solution. We must
make auxiliary assumptions. The assumption that

leads to the simplest solution scheme is
Y|
— =0,
ok, (33)

i.e., that A(k, k3) is independent of k3. (Formally this
corresponded to a truncated Legendre-polynomial
expansion of an axisymmetric scalar function. Our
assumption is that the leading term is a good approx-
imation.) Because of this simplification, we can omit
the second argument in the function 4. We pointed
out that the cospectrum of the fluctuating parts of
the longitudinal velocity field and the scalar field S
is zero as a consequence of (19). The assumption
(33) implies, according to (29) and the remarks
following (31), that the quadrature spectrum of these
fields is also zero.
It is now possible to perform the integration over
0 in (31), and the expression for Co(k) becomes
o dK
Cok)== J; AKK)K* + K?) x (34)
This integral equation can easily be transformed into
a first-order differential equation and the boundary
condition lim [A(k)] = 0. The differential equation is

dA 1 d (1dCo
wk“")-‘m—k(z dk)

and with the above mentioned boundary condition
the solution is

(35)

AK) = 1 Z[Co(k) dCo__ kJ‘ Co(K) ]
27k
(36)
Once A(k) has been found, Co(k) can be determined
from
. (Kl

. ‘ ” sm(z cosﬁ)
Co(k) = f A(k* + K»)'?KdK f _—

o 0 (Kl )

> cosf

Kl . (KI
(? cos0) sm( > cos0)
BCRGH
2 2
The integration over 6 yields an infinite sum of Bessel

functions of arbitrary high order. With standard
notation for these, the expression for Co(k) becomes

do. (37)
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. A(% (g* + xz)”z)
Co(k) = i—f fo o CUAES)
X % Jane1(x) — X2y (x))dx,  (38)
where "
q = Kklj2. (39)

In order to find A(k) from (36) we must know
Co(k). According to Wyngaard and Coté (1972), the
cospectrum of vertical temperature flux follows a
power law for high wavenumbers. They found on the
basis of similarity considerations that

Co(k) = Bz{wB)(lki2)™"", (40)

where z is the height of the measurement and 8 a
stability-dependent parameter. This is consistent with
the experimental findings of Kaimal et al. (1972). In
addition, they found that the vertical temperature-
flux cospectrum went to a constant for k£ going to
zero. The similarity argument that led Wyngaard and
Coté (1972) to the formula (40) is quite general and
applies to any scalar flux. Assuming complete analogy
between fluxes of temperature and of any scalar we
shall therefore adopt the simple interpolation formula

Co(k) 2 [326]3/4< S>z(1 + (3ﬁ)3/4lklz)_7/3,

(—o <k < ). (41)

Inserting (41) in (36) we obtain the following expres-
sion for A(k):

1 2 3/4 2 3/4 l
o (3_ﬁ) <ws>zp[(3 ﬁ) kz], @2)
where

F(s)= - % (1+ )71 + —139 (149577

Ak) =

+ % (14953 + % (14577 =1701 + 5

+-—=3s tan“[L]
V3 20+ 92 +1

7, {0+ 9" = 113}
5 ln{ p . (43)
The expressions for Co(k) and 7(k) become
-~ B ol
Co(k) = 3 (wS>z J; |:2 EO Jon+1(X)
zZ, 2 2172
2 (B 7 (g° + x%)
Thtx Jn(X)] s dx, (44)
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n=0

73 po ©
nk) = (l + B;q) J; [2 2 J2n41(X)

2

F(B 2@+ x2)'/2)
- T)'C——z J l(x)]

>+ x q*+ x?

2 3/4
B- 2(3ﬂ) .

In the limit Bz// » 1, we can use the more general
inertial-subrange expression (40) instead of (41). In-
stead of (43) we now have

dx, (45)

where
(46)

Fs) =357 @7)
[This is seen most easily by substituting (40) in (36).]
The corresponding asymptotic “transfer function”
does not depend on the ratio between the height and
the averaging length /. The asymptotic “transfer func-
tion” (Fig. 1 and Table 1) is

=2£ 3 ao[ @
T(k) 304’_[) 2 > Janer(X)

n=0
- Ju(x)] @+ 13/6
=2f3(_§,%;_§,_é,g,%)ﬂz/s%g
<Nrg s -3 8 3 @

where ,Fi(a, b; ¢, d, e; X) is the hypergeometric
function (Oberhettinger, 1972).

The more complete expression (46) contains the
parameters B and z// as a product. To investigate
how these parameters influence the function 7(k), we
varied B and z// from B = 0.25, corresponding to
the most stable case (z/L = +2) in the Kansas exper-

|.0‘ LR RALLL B R A R R

T(k)

L L1aity

100

Ll

.0l 0.10 i 10

P 1yl

, Or- bl
0.

ki
FIG. 1. The asymptotic transfer function.
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TABLE 1. The asymptotic transfer function (48).

ki T()

1.0 X 1072 1.000

1.0 X 10! 1.000

2.0 x 107! 9.985 x 107!
5.0 x 107! 9.919 X 107!
1.0 9.723 X 107!
1.2 9.622 X 107"
1.4 9.511 X 107!
1.6 - 9.392 X 107!
1.8 9.265 X 107"
2.0 9.132 X 107!
2.2 8.994 X 107!
2.4 8.853 X 107!
2.6 8.708 X 10!
2.8 8.561 X 107!
3.0 8.413 X 107!
40 7.669 X 107!
5.0 6.955 x 107!
6.0 6.297 X 107!
70 5.707 X 107!
8.0 5.186 X 107!
9.0 4,729 x 107!
1.0'% 10 4.330 X 107
1.4 X 10! 3.181 X 107!
2.0 % 10 2.241 X 107!
3.0 X 10 1.495 X 107!
4.0 X 10' 1.121 X 107!
5.0 X 10 8.968 X 1072
6.0 X 10 7.473 X 1072
7.0 X 10! 6.404 X 1072
8.0 x 10 5.603 X 1072
9.0 X 10 4979 X 1072
1.0 X 107 4.480 x 1072

iment (Kaimal et al., 1972), and z// = 5 to B = 1.74,
corresponding to 8 = 0.8 (Wyngaard and Coté, 1972),
and z// = 40. The product thus varied by a factor of
about 60 and yet the ““transfer functions™ were nearly
indistinguishable from each other and from the
asymptotic “transfer function,” which can therefore
be considered a general sonic transfer function for
one-dimensional scalar flux spectra. As Fig. 1 shows,
T(k) is close to one for k/ < 1 then starts decreasing
to about 0.05 over two decades.

4. Field experiment

We performed an experiment between 11 and 18
July 1983 at the Boulder Atmospheric Observatory
(BAO) to determine possible problems associated
with measuring eddy fluxes near the ground by using
sonic anemometers to find vertical wind fluctuations.
We measured simultaneously the fluctuating values
of vertical velocity and temperature at two different
levels in the surface layer. Since there are no significant
heat sources or sinks in the surface layer, and assuming
thermal advection to be small, the temperature flux
should remain constant, providing a test case with
which to search for differéences due to line averaging.
Data analysis consisted of comparing the w7 cospectra
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of the two measurements in the frequency range in
which the theory predicts line averaging to be active
and comparing the temperature fluxes at the two
levels.

The instruments used were E.G.&G. model 198-2
single-axis sonic anemometers with fast-response plat-
inum-wire temperature sensors attached to measure
the fluctuating temperature at a point near the center
of the sonic anemometer path. These instruments are
similar to the three-axis sonic anemometers normally
used at the BAO, described in detail by Kaimal and
Gaynor (1983), except that the sonic path length for
our instruments was 0.20 m instead of 0.25 m. The
instruments were mounted on a small micrometeo-
rological mast approximately 130 m south of the
BAO tower near the inner guy anchor. Kaimal and
Gaynor (1983) and Wilczak and Tillman (1980) give
detailed descriptions and topographical maps of the
terrain surrounding the Observatory. The instruments
were mounted to face east, the predominant daytime
wind direction; upwind there was approximately 1
km of patchy grass about 0.8 m high. Fig. 2 shows
details of the experiment site, Two scaffolds ~ 7 m
high, remaining from the preceding atmo-spheric
chemistry experiment, flanked the mast. To reduce
problems with interference by the scaffolds and the
mast, only periods with wind directions between 20-
200° are used in this study. The terrain slope in the
vicinity of the site is assumed to give no significant
temperature flux divergence in the lowest few meters.
East of the tower was a bare lane approximately 6 m
wide. Presumably an internal boundary layer occurs

SCAFFOLD \ LANE
NEAA
>
9LMAST
ke
I~ aom 6.1'm
s
3
SCAFFOLD

FIG. 2. The observational site.
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downwind of this lane. According to Rao’s (1975)
results, the thickness of this internal boundary layer
should be ~0.75 m at the mast, 10 m downstream
from the roughness change, since extremely unstable
situations were not encountered. We expect temper-
ature flux differences because of this effect only at
the lowest operating levels. Unfortunately, the fluc-
tuating, horizontal velocity components were not
measured and it was not possible to check whether
the longitudinal cospectra and quadrature spectra
were indeed insignificantly small as predicted by
means of (29) and (33).

We processed all data using the BAO operating
system (Kaimal and Gaynor, 1983). The two upper
tower levels were disconnected to make room for
data from the two anemometers on the mast. The
data, acquired at 10 Hz, were available as variances
and fluxes over 20 min intervals and high-frequency
(from 0.01-5 Hz) estimates of the wT cospectra.
These cospectra are the average of ten separate esti-
mates made during the normal 20 min operating
period at the Observatory.

The upper instrument was at 8.85 m on the mast
for the entire experiment. The lower was at five
different levels during the week (Table 2). Position 1,
with the second anemometer at 8.45 m, served for
intercomparison of the two instruments. Individual
cospectra obtained during this period show no signif-
icant differences between the two instruments. How-
ever, intercomparison of heat flux estimates for 78-
20 min periods indicated that there was a systematic
difference, given by the linear least-squares fit

<WT>Fixed = 096<WT>1 + 001, (49)

with (wT") in mks units. Subscript 1 refers to the
instrument that was moved during the experiment.
We use this calibration in subsequent discussion of
heat fluxes. The difference between the two flux
estimates may be due to the line separation between
the sensors or to internal calibration differences.

We expect from the theoretical analysis that the
transfer function for line averaging becomes significant
only for k/ > 1, where

k =2mwn/U, (50)

n being the frequency [Hz] and U the horizontal
wind speed at measurement level. We did not have
measurements of horizontal wind speed at the mast.
To determine U at each measurement level, we
extrapolated the horizontal wind at the BAO 10 m
level using the empirical function given by Businger
et al. (1971). We found the friction velocity u, and
the Monin-Obukhov length L used in this function
by using the values of (w?) and (wT') at the 8.85 m
level and the empirical relation (Panofsky et al., 1977)

2 2/3
216+ 2.9(— %) )

) (51)
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TABLE 2. Lower anemometer position.
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Height No. of
Position (m) 20 min periods
1 8.45 78
: 20 | ‘s
5 a6 | 36

We expect the effect of line averaging to be most
important when U is smallest. Fig. 3 shows sample
wT cospectra for observations made simultaneously
at 1.46 and 8.85 m, along with the theoretical transfer
function presented earlier. This example indicates
that 1) the filtering probably does not affect cospectra
in the inertial subrange in either case and 2) the
estimate of heat flux is also unaffected. Consequently,
we decided not to correct the cospectra or the flux
according to (12) with (48).

To properly compare cospectra at two levels, we
invoke the similarity hypothesis that cospectra should
exhibit universal forms when scaled by the tempera-
ture flux and plotted against the reduced frequency
f = nz/U (Kaimal et al, 1972). In the inertial
subrange, Wyngaard and Coté (1972) presented ob-
servations indicating that temperature flux cospectra
in the inertial subrange for unstable conditions follow
the form

nCour(n)/{wT) = 0.14 =, (52)

TV Ty T T T TTm

LA AR A RLL}
4 15212

Transfer Function

10! g
1072 3
|0—3 L aanl 1 1 aingl g1l L. tatil
1072 0! I 10 100
.27
ki (' A )

FI1G. 3. Scaled wT cospectra for the 20 min period beginning
0900 on 18 July 1983 for the instrument at 8.85 m (solid) and
1.46 m (dashed). The abscissa is the product of wavenumber k
(=27n/U) and the sonic path length /. The transfer function is
shown by a dash~dot line.
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where
f=nz/U. (53)

We plot the average cospectra for 27-20 min periods
(the average cospectrum for 270-2 min periods) with
the lower anemometer at 1.46 and 2.25 m (Fig. 4).
This plot, when properly scaled, shows that the two
cospectra are statistically indistinguishable in the re-
gion where there is no aliasing, and that present
results are completely in accord with those described
by Wyngaard and Coté (1972), who used instruments
at heights greater than 5 m. Our value of the constant
in (52) is 0.15. These findings appear to support the
theory presented earlier, indicating that line averaging
is not a serious problem in the unstable surface layer.

Similarity theory indicates that there is a constant
flux layer near the ground regardless of stability.
However, in practice Haugen et al. (1971) showed
that it may require averaging for a considerable time
to demonstrate the existence of a constant temperature
flux layer. Their instruments were separated by 17
m; we expect better agreement between the levels
considered in this experiment, and we find it in Fig.
5. There is no significant difference between the two
estimates when the lower instrument is at approxi-
mately 4 m, but there is more scatter when the lower
instrument is near 2 m. This might be related to the
internal boundary layer that grew from the bare lane
upwind of the site. It could also reflect the fact that
the instrument is close to the height of local roughness
elements, making the site effectively less uniform at
the lower level.

T T MERAMLARL
107" & -
Ein F y
— R 4
53
oV =
c
02k 4
|0-3 1t 11l A1 s 1aaaef 1.1 11833
2
107! [ 10 10

nz/U

FIG. 4. Average of 27 scaled wT cospectra plotted against the
reduced frequency for the instrument at 8.85 m (solid line; vertical
standard deviation limits are shown) and for the instrument at
either 1.46 or 2.25 m (dashed line). Standard deviation limits for
the lower instrument are similar to those at 8.85 m. The ratio —z/
L at the upper level was between 0.38 and 0.84.






